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Multivariate extreme value theory is based on max-domain of attraction condition

▪ 𝐹(𝑑1, 𝑑2) ≈ exp −𝑙 𝑣1, 𝑣2 with 𝑣𝑗 = 𝜙𝑗(1 + 𝜉
𝑑𝑗−𝑢𝑗

𝜎𝑗
)−1/𝜉𝑗

▪ 𝑙 𝑣1, 𝑣2 = (𝑣1
1/𝛼

+𝑣2
1/𝛼

)𝛼 , 𝛼 as the dependence parameter (Logistic model)

▪ 𝛼 → 0: complete dependence, 𝛼 = 1: independence

1. Can [changes in] the temporal evolution of a heatwave be attributed to anthropogenic emissions?
2. Is there a climate change signal in the tail behaviour of temperature extremes beyond a general shift in the temperature distribution?

Research questions

Data adaptive method 

Multivariate extreme value theory
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Censored likelihood model

𝜽 = 𝜎, 𝜉, 𝛼

Idea:
We attribute complete heatwave time series using a non-stationary Markov model for temporal extremal dependence.

Extremal Pattern Index (EPI) (Szemkus & Friederichs 2024): Compact 
description of multivariate weather extremes

Example: summer of 2025

EPIExpansion coefficients

PCA for 
extremes

Original data

Tail Pairwise Dependency Matrix (TPDM) based on threshold exceedances 
of standardised data (Cooley and Thibaud, 2019)

Attribution of extreme events

„standard“ attribution:

with probability ratio
Probability of event 
in factual world

Probability of event in 
counterfactual world

time series attribution:

PR becomes likelihood ratio 
(LR) with time series d, 
scenarios 𝑚0 (HIST-NAT) and 
𝑚1 (HIST)

Use 1.st order 
Markov assumption

𝜃1: marginal parameters, 𝜃2: dependence parameters

Question that arises:
How to model 𝑙(𝒅; 𝜽) for each scenario 𝑚𝑖in order to 
calculate the likelihood ratio?

We want to estimate 𝜽 for each scenario 
→ include non-stationarity in parameter 
modeling

Legendre polynomials 
𝒈𝑡 = 𝑔𝑜 𝑡 , … , 𝑔5(𝑡) as 
covariates with t as time

𝑙𝑜𝑔𝑖𝑡(𝜙𝑡) = 𝜷𝑢
𝑇𝒈𝑡,

𝑢 = 𝑐𝑜𝑛𝑠𝑡.,
𝜎𝑡 = exp 𝝇𝜎

𝑇𝒈𝑡 ,

𝜉𝑡 = 𝝇𝜉
𝑇𝒈𝑡,

𝛼𝑡 = 1 + exp −𝝇𝛼
𝑇𝒈𝑡

−1

(a) 07 June to 05 July,           (b) 15 July to 01 August,     (c) 07 August to 19 August 

▪ approach enables us to statistically model the temporal development of extreme events and thus also to conduct a corresponding attribution study
▪ Strong attribution result for heatwaves across all regions, especially in central and southern Europe

Conclusion

Results

1. Constant threshold 2. Variable threshold

𝜙 = 0.05,
𝑢𝑡 = 𝜷𝜏

𝑇𝒈𝑡 (quantile reg.),
𝜎𝑡 = exp 𝝇𝜎

𝑇𝒈𝑡 ,

𝜉𝑡 = 𝝇𝜉
𝑇𝒈𝑡,

𝛼𝑡 = 1 + exp −𝝇𝛼
𝑇𝒈𝑡

−1

1. RQ: Constant threshold 2. RQ: Variable threshold

Resulting Likelihood ratios for southern Europe
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